Let , be analytic functions defined on ‫,ބ‬ such that ‫ބ‬ : ‫.ބ‬ The operator Ž . given by f ¬ f ( is called a weighted composition operator. In this paper we deal with the boundedness, compactness, weak compactness, and complete continu-Ž . ity of weighted composition operators on Hardy spaces H 1 F p -ϱ . In p particular, we prove that such an operator is compact on H if and only if it is 1 weakly compact on this space. This result depends on a technique which passes the weak compactness from an operator T to operators dominated in norm by T.
INTRODUCTION
When does a weighted composition operator map the Hardy space H p into itself? A weighted composition operator W is an operator that In what follows we denote by ‫ޔ‬ the unit circle, by m the normalized 5 5 Lebesgue measure on ‫,ޔ‬ and by f the usual norm of a function p w x f g H . We refer the reader to 3, 9, 14 for the terminology and results p about spaces of analytic functions.
BOUNDEDNESS
In this section we characterize the boundedness of W on H in terms , p of a Carleson measure criterion. This criterion has been used to character-Ž ize boundedness of composition operators in different papers see, for w x. example, 10, 11 .
Most of the information we are going to obtain about weighted composition operators will be given in terms of a certain measure, which we turn to next. Given an analytic function of the unit disk into itself, it is well Ž i . 
Now, if g is a measurable positive function in ‫,ބ‬ we take an increasing Ž . Ž Ž .. Ž . sequence g of positive and simple functions such that g z ª g z n n for all z g ‫.ބ‬ Then, we have given by Before proving this proposition, it is worth mentioning that we plan to apply it to the spaces X s Y s H , the topology of uniform conver- The proof of the following lemma can be obtained by adapting the proof w x of 3, Proposition 3.11 . n n 5 5 Now we take g s f r f . To get a contradiction, we are going to show 1 n n n Ž . Ž . that for each subsequence g , the sequence S g is not weakly n n k k w x Ä Ž . convergent. By 14, p. 137 , it will be enough to get that the set S g : k n k 4 g ‫ގ‬ is not uniformly integrable, i.e., there is ) 0 such that for every ) 0 there exists a measurable subset A of ‫ބ‬ and k g ‫ގ‬ such that Ž .
Take s ␤r4 and let us fix an
On the other hand, bearing in mind that Once we have built the measure , we are going to apply Lemma 3.3 to Ž . get that W is compact on H . Take f a sequence in H such that , 1 n 1 Ž . 5 5 f ª 0 uniformly on compact subsets of ‫ބ‬ and f F 1. Then, by 1 n n Lemma 2.1, On the other hand, we have that
